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Abstract. In the present work the transient laminar forced convection, hidrodinamically developed and thermally 

developing, it is studied in channels of flat plates and the circular duct for non-Newtonian fluids considering the 

power-low model. The Generalized Integral Transform Technique is used to eliminate the variables in which the 

spatial diffusion is prevalent, it follows a system of partial differential equations coupled, which is solved numerically 

using the Method of Lines. The presented solution allows an accurate analysis for the problem, in all dominion, for 

different times. 
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1. INTRODUCTION  
 

The study of phenomena related to heat transfer in the internal forced convection has been done essentially to meet a 
practical necessity, once the majority solutions for this type of phenomenon, especially in area of the thermal entrance 
and simultaneous development, can be useful in the design of thermal devices with better performance. Therefore, 
electronic components, condensers, evaporators, heat exchangers, among others, are examples of possible use. With the 
increasing miniaturization and the necessity of optimization of these equipment, this study has become a global 
necessity. Therefore, the motivation of the research is not only a purely academic exercise anymore, due to the increase 
of its practical importance in several industrial processes and other segments of the economy, where the fluids have 
Non-Newtonian behavior. Typical examples of substances with this behavior are: suspension of solids in liquids, 
polymers, plastics, petroleum, pharmaceutical and biological fluids. Notably in several areas of engineering, such as 
nuclear engineering, spatial, petrochemical, among others. 

Using Integral Transform associated with the Method of Lines. According Wouwer et al (2005), Method of Lines is 
one of the most popular schemes to solve partial differential equations. First the spatial variables are approximated by 
using the method of finite differences, finite elements or finite volume. Second, the ordinary system resulting is 
numerically solved. The Integral Transform eliminates the spatial variables in which ones the diffusion is predominant 
and Method of lines treats hyperbolic part resulting, where the convection is predominant, the system is truncated in a 
number of required terms for convergence and numerically solved. Results are presented to the average temperature 
throughout the duct. This work can be inserted in the context of the forced convection problems transient, being 
considered an extension of the work of Cotta & Gerk (1994), Gondim (1997), Castellões (2004) and others, in 
resolution of energy equation.  
  
2.  PROOBLEM FORMULATION  
 

To illustrate the application of the solution, this procedure will be applied to the problem of thermal entrance, in the 
laminar flow hydrodynamically developed inside of ducts, such as the case of the channel of flat plates and circular 
tubes. The temperature of entrance will be taken over as a time function. The effects of axial conduction, the viscous 
dissipation and free convection on the wall will be negligible, and the physical properties are considered constant. 
According to Cotta & Gerk (1994), the energy equation is given by:  
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With the following inlet and boundary conditions: 
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According to Mikhailov & Özisik (1984, p.343) 
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Where c is a parameter of the model, according Özisik & Mikhailov (1984), c is equal to 1 for Newtonian fluid. 
Dimensionless groups: 
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3.  METHODOLOGY OF SOLUTION 
 

3.1. Eigenvalue problem 
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Wich normalized eigenfunctions )(~ riψ and the eigenvalue iµ  are obtained of the eigenvalue problem solution Eqs. 

(3.a-c), through the own Integral Transform Technique, presented in Cotta (1993). 
 

3.2. Transformed pair 
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3.3. Transformed problem 
 

Applying the integral transformation in the problem 1.a-f, are obtained: 
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3.4. Transformed sistem solution 

 
 The transformed system Eqs. (5.ac) is solved using Method of Lines, where the spatial variable is discretized 

generating an ordinary differential system of first order, which is numerically solved with automatic control on the 
error. The Eq. (4b) is used to recover the original potential. 
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3.5. Average temperature and Nusselt number 
 

The average temperature and Nusselt number are given, according to Cotta (1998, p. 267 seq.), by: 
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4.  RESULTS 
 

4.1. Computational program 
 

Table 1. Analysis of average Temperature Convergence along z in Flat Plates, to 1),( =τθ re  with nt=20. 

 
 
 
The Tab. 1. presents a study of  the average temperature convergence along z to the channel of flat plates, where 

z∆  represents the  interval in discreet mesh along z. Is possible to see that there is an improvement in the convergence 
to increase the refining of the mesh. Is also made a comparison with data from Gondim (1997) and Castellões (2004), a 
difference is observed in the results due the withdrawal of the term of axial diffusion in this model. In the table 2 is 
performed the same study of convergence for the circular duct. 

 
The transient thermal entrance in the plan plates channel and the circular duct is studied through Integral Transform 

Technique associated with the Method of Lines. Results were presented for the transient average temperature along z, 
the results are compared with the data presented by Gondim (1997) and Castellões (2004).  The present solution proved 
to be useful in the study of transient thermal entrance inside channels of flat plates and the circular duct, showing a 
good agreement with the data literature, representing an alternative to strictly numerical methods, and offers larger 
mathematical freedom in the solution, due of its hybrid nature, analytical-numerical. Tables 3. and 4. show results for 
different values of the parameter c  to the channel of flat plates Tab. 3 and the to the circular duct Tab.4, where c  
varied from 0.5 to 3, representing the behavior of the average temperature for different types of Non-Newtonian fluids. 
It is observed that the average temperature varied with the increase of c  index. However there was a relatively small 
variation for the range of the studied values. 
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Table 2. Analysis of average Temperature Convergence along z in Circular Duct, to 1),( =τθ re  with nt=20. 

 
 

Table 3. Analysis of average Temperature along z in Flat Plates to : 1),( =τθ re  , with nt=20, 00025.0=∆z . 
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Table 4. Analysis of average Temperature along z in Circular Duct, to: 1),( =τθ re  , with nt=20, 00025.0=∆z . 
 

 
 
 
 
 

5. CONCLUSION 
 

A solution was formally presented to the problem of thermal transient entrance of Non-Newtonian fluids inside 
ducts. The solution was obtained through Integral Transform associated with the Method of Lines. Results were 
presented for the average temperature transient along z, to the channel and flat plates and the duct circular. In this work 
were tested two situations. The results are compared with the data presented by Gondim (1997) and Castellões (2004). 
The present solution proved to be useful in the study of transient thermal entrance, presenting a good agreement with 
the literature, representing an alternative to strictly numerical methods, and offers greater mathematical freedom in the 
solution due its hybrid nature, analytical-numerical. 

 
 

6. ACKNOWLEDGEMENTS 
 
The authors acknowledge the funding of the work by MCT / CNPq (CT-Petro/CNPq), Process: 550598/2007-3. 
 
 
 
 
 
 



Proceedings of COBEM 2009 20th International Congress of Mechanical Engineering 
Copyright © 2009 by ABCM November 15-20, 2009, Gramado, RS, Brazil 

 
 
 
 
7. REFERENCES 

 
Castellões, F.V., 2004, “Convecção Transiente em Microcanais Via Transformada Integral”, M.Sc. Dissertation, 

PEM/COPPE/UFRJ, Brasil. 
Cavalcante, F.F., 2000, “Convecção Forçada Transiente Interna com Entrada Periódica: Solução Via Transformada 

Integral”, M.Sc. Dissertation, Universidade Federal da Paraíba, Brasil. 
Cheroto, S., 1998, “Analysis of Unsteady Forced Convection in Channels by Integral Transform Technique, Doctor 

Thesis, University of Miami, Coral Gables”, FL, USA. 
Cotta, R. M.; “Integral Transforms in Computational Heat and Fluid Flow”, CRC Press, Boca Raton, FL, EUA, 1993. 
Cotta, R.M, & Gerk, J.E.V, 1994, "Mixed Finite-Difference/Integral Transform Approach for Parabolic-hyperbolic 

Problems in Transient Forced Convection", Num. Heat Transfer, Vol. 25, pp. 433-448. 
Gondim, R.R., 1997, ”Convecção Forçada Transiente Interna com Difusão Axial Solução Via Trans formação Integral”, 

Doctor Thesis, UFRJ/COPPE, Rio de Janeiro, Brasil. 
Figueira da Silva, E., Pérez Guerrero, J.S., Cotta, R.M., 1999, “Integral Transform Solution of Boundary Layer Equations in 

Stream Functions-Only Formulation”, International Journal of Non-Linear Mechanics, Vol. 34, p. 51-61. 
Li, W., 1990, “Experimental and Theoretical Investigation of Unsteady Forced Convection in Ducts”, Ph. D. Dissertation, 

University of Miami, Coral Gables, FL, USA. 
Mikhailov, M. D. and Özisik, M.N., 1984, ”Unified Analysis and Solutions of Heat and Mass Diffusion”; John Wiley, 

New York. 
Medeiros, J.M., 1998,”Análise Teórica da Convecção Forçada Laminar Transiente em Desenvolvimento Simultâneo em 

dutos”, M.Sc. Dissertation, Universidade Federal da Paraíba, Brasil. 
Nascimento, S.C.C., Macêdo, E.N. and Quaresma, J.N.N., 2006,”Generalized Integral Transform Solution for 

Hidrodinamically Developing Non-Newtonian Flows in Circular Tube”, J. of the Braz. Soc. Of Mech. Sci. & Eng. 
Vol. 28, No. 1, PP. 125-130. 

Santos, J.C., 2002, “Análise Teórica de Convecção Forçada Laminar Transiente com Entrada Térmica Periódica”, M.Sc. 
Dissertation, Universidade Federal da Paraíba, João Pessoa, PB, Brasil. 

Santos, J.C., 2004, “Análise Teórica De Convecção Forçada Laminar Transiente De Fluido Não-Newtoniano Com 
Entrada Periodica”, Anais do 10th Brazilian Congress of Thermal Sciences and Engineering, ENCIT 2004, Rio de 
Janeiro. 

Santos, J.C., 2006, “Computaçãp Algébrica Usando o XMaxima”, VI ERMAC, Encontro Regional de Matemática 
Aplicada e Computacional, João Pessoa, PB, Brasil. 

Sphaier, L.A., and Cotta, R.M., 2002, “Analytical and Hybrid Solutions of Diffusion Problems Within Arbitrarily 
Shaped Regions Via Integral Transforms”, Computational Mechanics, Vol. 29, pp. 265-276. 

Veronese, J.P., 2002, “Análise de Convecção Forçada Transiente em Canais de Placas Planas de Fluidos Não-
Newtonianos Usando o Modelo Lei de Potencia”, Dissertação de Mestrado, Universidade Federal da Paraíba, João 
Pessoa, PB, Brasil. 

Veronese, J.P. ; Santos, J.C. ; Medeiros, M.J. ; Santos, C.A.C. ; Quaresma, J.N.N., 2006, “Análise Da Convecção 
Forçada Em Canais De Placas Planas No Escoamento De Fluidos Não-Newtonianos Via Gitt”. Anais Do 
Congresso Nacional De Engenharia Mecânica, Conem-2006, Recife.  

Wouwer, A. V., Saucez, P., Schiesser, W. E., Thompson, S., 2005, “A MATLAB implementation of upwind finite 
differences and adaptive grids in method of lines”, Journal of Computational and Applied Mechanics, Vol. 183, 
pp. 245-258 

 
 
   
8. RESPONSIBILITY NOTICE 

  
The authors are the only responsible for the printed material included in this paper. 
 


