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Abstract. This work presents an externsion of the classical droplet combustion theory. Based on the infinite reaction
rate, the Shvab-Zel'dovich formaulation is applied. This formulation permits to study analytically problems with nonunity
Lewis number and the transport coefficients dependent on temperature. An extension for it is proposed in which different
constant pressure specific heat in each side of the flame is considered. Although the formulation admits varible transport
coefficient, nonunity Lewis number and different constant values for the constant pressure specific heat in each side of the
the flame, the problem has an analytical solution.
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1. INTRODUCTION

The quasi-steady behavior in the gas phase close to the droplet surface, compared to the liquid phase behavior, makes
the fluid-dynamical description of the droplet problem relatively simple. The sucess of the quasi-steady model is measured
by the determination of the linear deacreasing of the square droplet radius withitiasvj (Spalding, 1953; Godsave,

1953; Goldsmith and Penner, 1954; Kumagai and Isoda, 1956). The present work is an extension of the classical droplet
combustion theory; nonunity Lewis number, variable transport coefficients and different constant values for the constant
pressure specific heat in each side of the flame are considered. Even with these asumptions, the problem has an analytical
solution. To achieve this goal the Shvab-Zeldovich formalution is extended, Lifian formulation and the flamelet concept
are used to remove the chemical term, to make continuous the coefficients of the excess enthalpy and mixture fraction
equations and to write the excess enthalpy function in terms of the mixture fraction function.

The first descriptions of the droplet combustion problem were based on simplifications: constant values for transport
and thermodynamic properties, flame infinitely thin (infinite fast chemical reaction), no radiative energy loss, no soot
formation, no relative velocity with the gas phase, ambient pressure very below the critical value, negligible Soret and
Dufort processes. All these asumptions have been changed and more realistic models have been adopted (Faeth, 1977;
Law, 1982; Sirignano, 1983; Dwyer, 1989; Givler and Abraham, 1996; Bellan, 2000; Chiu, 2000; Sazhin, 2006). The
studies become more and more detailed and describe precisely the droplet combustion problem, but the simulation time
becomes longer and longer (Jackson and Avedisian, 1996; Kumar et al., 2002). Fact which forbidens the inclusion of
these analyses in numerical spray combustion description. The aim of this work is to present an analytical solution to the
droplet combustion problem, whose results may be used in spray combustion numerical codes.

Recently, an analytical solution to the droplet problem was suggested (Fachini, 1999a). The model considered
nonunity Lewis number for fuel and oxygen and variable transport coefficients, but a unique constant value for the con-
stant pressure specific heat. The comparison with the experimental results compiled by Puri and Libby (1991) revealed
that the vaporization constant is overpredicted but the flame standoff distance is larger by a factor of 2.

The theoretical model suggested by Puri and Libby (1991) is able to predict well the experimental results. They in-
cluded in the model variable thermodynamical properties and transport coefficient and ré&etiont, — CO+ H5O.

To keep the simplicity of the previous model (Fachini, 1999a), which has an analytical solution, and to incorporate the
effects of the constant pressure specific heat on the flame, the previous model is extended considering distinct constant
pressure specific heats in each side of the flame.

2. MATHEMATICAL FORMULATION

Formulation for the quasi-steady droplet combustion is presented elsewhere (Fachini, 1999; Fachini et al. 1999). Thus,
only essential parts of it will be explicitly presented. The unsteady processes characteritic in the gas phase far from the
droplet surface (Waldman, 1975; Crespo and Lifian, 1975; Fachini, 1998; Fachini et al., 1999), the soot formation (Jackson
and Avedisian, 1996; Kumar et al., 2002,), multicomponent diffusion effects (Aharon and Shaw, 1997), multicomponent
fuels (Fachini et al., 1999) and radiative heat transfer (Fachini et al., 1999) are not considered.

By considering the ambient conditions to be characterised by the tempéefgiurensityp.., 0xygen mass fraction
Yo,~- The transport coefficients (thermal conductivity and diffusion coefficient) are supposed to depending on tem-
peraturek/ko = pD;/(pscDixs) = f(T/Tx). The constant-pressure specific heat for the gases mi}tyrg; c,;
is variable. The nondimensional quasi-steady conservation equations, describing the gas phase around the droplet with
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radiusa at timer (a = a/ay = 1 at the timer = 0), are expressed by

zov = \(7) 1)
LerF yF —1
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The definition of the nondimensional independent variables are as following: thertimet/t., and the radial
coordinater = r/ay, in whicht, is an estimation of the vaporization time= £(a2/a~ ), € = poo/pi is the ratio of the
gas density to the liquid density and, = k.. /(psoCpso) iS the thermal diffusivity. The definition of the nondimensional
dependent variables (temperature, density, oxygen mass fraction, fuel mass fraction and velocity) are as féllswing:
T/Tw, 0 = p/Pso, Yo = Y0,/ Y0,00, yr = Y, andv = Vag/as. The parameters in Egs. (2) are defined as: Lewis
numberLe; = as/Dixo (i = F for fuel andi = O for oxidant),S = Leov/ (Yo, Ler), NOte thats = v/ Yo, IS mass
of air to burn stoichiometrically a unit mass of fuel according to the one-step global reattianD, — (1 + v)P. Heat
of combustion® is defined as) = ¢/(cp0T). The nondimensional reaction rates of the fuel oxidation is defined as
w = (a3 /o) Ler/ps The parametef,, is the ratio of an average constant pressure specific heat to the same property
determined for the ambient atmosphere condition. Since the average constant pressure specific heat for the gases in the
fuel and the oxigen sides are differents, is not the same in the two sides of the flame,

— o CpF7 agxga;f
Cp = Cp/Cpoo - CpO Ty <z
3 >~

The nondimensional vaporization rateNs= 1/ (4maoks /cpso) @nd the nondimensional droplet radius= a/ao.
According tod? law (classical theory) , the ratj¢ = \/a is a constant value, known as vaporization constamtepends
on the heat flux to the droplet imposed by the flame.

Equations (2) must be integrated from the droplet surfaee a to the ambient atmosphesie— oo. The conditions
for these two boundaries are:aat= a:

z:;a@?f = —M1—yr.), I2f% =AL+q =\,

0= 6.y yr = yrs = coplL(1 = 60/6.) ©
and forz — oo:

0-1=yo-1l=yr=0 o

The subscrips represents the droplet surface condition. The nondimensional latent feeexpressed by/ (¢, Tw,) and
q~ is the heat to inside the droplet. The modified nondimensional latenfhsatefined ad = I/ RT, = (L/0)[y/(v—
1)]. The definition of the modified latent heatlis§ = L + ¢’/ .

In this work, uniform temperature profile is admitted inside the droplet and close to the boiling #atué, < 0,
andq~ < 1. Thereby, the mass conservation equation for the liquid phase leads to

2
da” _ oA _ —28 (5)
dr a
According to the type of the chemical kinetics adopted, at the flamex ¢, the properties are
QfefzypzyO:O (6)

The closure for the system of equations is provided by the dimensionless equation of state of ghe-gas,
The Shvab-Zel'dovich formulation with the excess enthdipy= (S + 1) Ler8/Q + yr + yo and the mixture fraction
Z = Syr — yo + 1is expressed by (Fachini, 1999; Fachini et al., 1999),

A D a Z 190 (,,0H

ﬁ% ( H(a) Cp(H)dH + 2 N(Z)dZ) - ﬁ% (.’I; fax) =0 (7)
Ao /Z Le(Z)dZ | — 1o x2f8—Z =0 (8)
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in which the Lifian formulation was applied to transform the discontinous constant coefficients to continous ones:

| Cur, Z>1 | (Ler —Chp)/S, Z>1 [ Lep, Z>1
CP(H)_{OPO, Z <1 N(Z)_{ (Cpo —Leo), Z<1’ Le(Z) = Leo, Z<1
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From the definition of the functiond and Z, the physical variables are defined as following:

9_{ [H—(Z-1)/S]Q/[(S+1)Ler|, Z>1 yr=(Z-1)/S, Z>1 )
- [H+(Z-1)]Q/[(S+1)Lep], Z<1 vo = (1—2), Z<1

The equations fof{ and Z satisfy the following boundary conditions at the droplet surface a, which are deter-
mined by Eq. (3),

1)L
H;=H(a) = W@S +yrs, Zs=Z(a)=Syrs+1,

_ 2%f OH (S+1)Lep

= _ < -/ - r_ —
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from Eqg. (6), the conditions at the flame= = are given by

Hy=H(zy) = (S+1)Lepby/Q,  Zy=Z(xs) =1, (11)
and, from Eq. (4), for the ambient atmosphere» oo,

Hy = H(c0) = (S+1)Lep/Q+1,  Zo = Z(c0) =0, (12)

The system of equations (7) to (10) has one eigenvalue: the vaporization cohgtant/a) that is determined by
imposing the relation between the fuel mass fraction and temperature at the droplet surface. As part of the solution, the
droplet surface temperatufig is found.

By integrating Eqs. (7) and (8) with the conditions speficied by Egs. (9) to (11), from the droplet surface up to a
positionz, and writing H as a function ofZ (flamelet formulation), the following system of equations are found

H A zZ
‘% = (/H Cp(H)dH + Fy + /Z N(Z)dZ) / (/Z Le(Z)dZ+Fzs> (13)
07z Z
50w = /Z Le(Z)dZ + F, (14)

From Eq. (14), the mixture fractiof is a function of the position7 = Z(x). SinceZ, > Z(o0) and9Z/0z|, < 0,
then Z decreases monotonically and= x(Z) is found. The transport coefficierftis a function of the temperature
and, from Egs. (9) (139 = 0(H(Z), Z), thus the system of equations (13) and (14) is well posed and can be integrated.
As can be seen, Eg. (13) can be integrated independently from (14). Once krihwang the temperature pro-
file 0(H(Z),Z) = 0(Z), the value forZ(a) is specified and Eq. (14) is solved with the imposition of two boundary
conditions:Z(z = a) = Syps + 1 andZ(x — oo) = 0. The eigenvalu@ = \/a is found.
Equation (13) has analytical solution. In the present analysis, the system of equations (13) and (14) are employed to
describe the droplet combustion problem. The integral terms in these equationas are

H
_ | Cpr(H — Hy), 1<Z<Z,
/Hs ColH)aH = { Cpr(Hy — Hs) + Cpo(H — Hy), 0<Z<1 (15)

zZ
_J (Ler = Cpr)(Z — Z5)/ S, 1<Z<Z,
/zs N(2)dz = { (Lei - CiF)(l —Zs)]S+ (Coo —Leo)(Z—1), 0<Z<1 (16)
z Lep(Z — Z,), 1<7<17,
/ZS Le(2)dz = { Lef;(l —Z)+Lep(Z—-1), 0<Z<1 17)

Equation (13) are speficied for the fuel side of the flatdex( 1) and for the oxiygen side/ < 1). It can be written
as
d(H—H;) Cy(H —H;) - N(Z - 2)

AZi—2) Le(Zi — Z) (18)
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I { 1+ [(S+1)Ler/Ql(Cprbs — L) /Cpr, (1=1) Z=>1
T S+ 1)Ler/QI(Cro — Cpr)by + Copbs — L+ Q)/Cro —s,  (i=2) Z <1
) S+l (i=1) Z2>1
Zl{s+1, (i=2) Z<1 (19)
The solution of Eq. (18) is (Fachini, 1999a)
H—H»=—L(Z»—Z)+G-(Z»—Z)CP/L6 (20)
3 Le _ Cp 2 K3 1

Applying the condition at the ambient atmosphere specified in Eq. (11) in Eqg. (20) for the dgnsaib, the value
of the integration constant for the oxygen fuel s@@e= G, (for Z < 1) is determined

(s + 1)Cro/Leo o Q

In the same way, applying the condition at the droplet surféte=( Z,) on the functionH, the integration constant
G,; = G for Eq. (20) in the fuel sidef > 1) is found

(S + 1)L€F L/CpF
Q  [S(1—ypy) P Eer

The flame temperature can be calculated by any expression from Eq. (20). For compactness, the condition Eq. (11) is
applied to (20) in the oxygen side of the flanie £ 1),

Gy = —

[(CPO - O;DF) ef + CpFes -L+Q~- C(;DO]

G =

9f = Cpo + (CPFGS —-L+Q— OpO) {1 —[s/(1+ S)]Cp()/LE()} "
Cpr + (Cpo — Cpr) [3/(1 + 5)] P/ F0

The continuity condition of the functioH permits the determination an expression that relates the fuel mass fraction
and the temperature at the droplet surfage= Z;). Therefore, imposing this condition on Eqg. (20), the following
expression is found for the fuel mass fraction at the droplet sugface

L/Cyr _ <Cpo—0pp) <9f_93+ Q L L )_

(1- yFS)CpF/LeF Cpo Cpo —Cpr Cpr
Cpo/Leo
S P Cpo — Cpp) CpF L Q :|
—Pe P 0y 4+ 2P0, — + -1 22
) () aeras @)

The solution of Eq. (22) together with the Clausius-Clapeyron relation, Eq. (3), determines the droplet surface temperature
0 and fuel mass fraction on the droplet surfgge However, if the approximatiof, = 6 is applied, Eq. (22) determines
directly the value ofr;.

The determination of the other droplet combustion properties, the constant of vaporizatiahthe flame standoff
distancez/a, is achived by the integration of Eq. (14). To performe that task is necessary to know the dependence of
the transport coefficientg and the temperature as a function of the mixture frac#forin this work, f = 6™ is chosen
(n = 0.5). From Eqgs. (9) and (20), the temperature as a functiof isf

L Z1 _ Z CpF/LCF
0=0— —— |1— | 77— 23
Cor <5(1 - ym) (3)
for Z > 1and
Cpo — Cpr Cpr Q L Zo — 7\ Cro/Leo
9:1+(p Prg, + P29, + - —1) 1—( ) 24
Cpo f Cpo Cpo Cpo 1+s ( )
for Z < 1. Therefore, by integrating Eq. (14) in the domaihs> 1 andZ < 1, one finds
1/(1_?!1’5) _ ~CpF/L€F n,jrz
ﬁ(1_a) -/ {A1 + Bi[1 = 26 ter]yrdZ o5
Zf 1 Lep”Z

1 _ 7Cpo/Leo njrz
a / {Ay+ B[l - Z V*dZ 26)

s/(s+1) LeoZ
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Figure 1. (a) Flame standoff distaneg/a and (b) vaporization constagtas a function of the”, » for four values of
Cro-
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Figure 2. (a) Fuel mass fraction at the droplet surfgegand (b) flame temperature constéptas a function of the€’, »
for four values ofC,0.

inwhichZ = (2, — 2)/[S(1 — yrs)], Z = (Z — Z)/(s + 1) and the constantd; and B; are

A0 Zz1(=1
TV L Z<1(i=2)

and

B — —L/Cyr, Z>1 (Z: =1)
‘ [(Opo—Cpp)ef—FOpFos—O—Q—L—Opo] /Opo, 7 <1 (122)

3. COMMENTS AND CONCLUSION

In order to include a droplet combustion model (sub-grid model) in a spray combustion simulation, the model must
represents well the physics and be computationally economic. The aim is to find analytical expressions for the sub-grid
model which represent pratically no cost in the integration time. Based on that, it is presented a droplet combustion
model in which are considered the transport coefficients variable, nonunity Lewis numbers and different constant value
for the constant pressure specific heat in each side of the flame. This model with two ajusting parametensiC,o,
permits the experimental results to be better represented by the theoretical results. Bggacae be about 5 to 10, a
first analysis points out that it has a strong influence on all droplet combustion properties: vaporizatigyrstateloff
distancer/a, fuel mass fractionyr, and the flame temperatufa. However, sinc&, is about 2, it is expected that
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its influence is not significant on all droplet combustion properties, but this is not observed in the results. The importance
of this model is on the analytical expression for the problem unkowns: vaporization rate, flame standoff distance, flame
temperature. This model is a extension of the previous one (Fachini, 1999a). Figures 1 and 2 present the results of the
suggested model.

The classic results(,o = Cpr = Leo = Ler = 1 andn = 0, the standoff distance;/a is overpredicted.

The models which consider the constant pressure specific heat variable with temperature and composition are able to
predict wellz ¢ /a. Based on this result, the present model was elaborated joining the possibility to solve analytically and

to reproduce the experimental results. Figure 1.a shows the dependence of the standoff distamecethe constant
pressure specific heét,r for the fuel side of the flame. Far,r ~ 10, z;/a ~ 10 is a well predicted value compared

with results from detailed model; /a = 9.8 (Puri and Libby, 1991), which are not in good agreement with experimental
resultsz;/a ~ 7 (Kumagai et al., 1971).

Figure 1.b exhibits the variation of the vaporization constantith the constant pressure specific hégtz. As
observed forz;/a, the vaporization constart has a strong dependence 6pr. Also, the model is able to reproduce
well the experimental results.

Although the success on predicting these two droplet combustion properties, the present model fails in predicting the
fuel mass fraction at the droplet surfage;, as seen in Fig. 2.a. The reson for that is not understood, a further analysis is
necessary explain this failure.

The increasing ot’,» makes the droplet combustion properties to deacrese, an expected results. However, the in-
creasing ofC,o leads to the increase of the flame temperafyreas seen in Fig. 2.b. An carefull analysis of Eq. (21)
shows that the choice of the value 0}, modifies the thermodynamic gas properties out of the flame as well as the
transport properties by the ter@),o/Leo. It is worth to note thaC,o/Leo = Do/ (koo /pocCpo) = 1/Leo cffective-

Then, by doubling the value @f, o, for exemple, twice more energy is stored in molecule internal energy modes, which
leads to decreasing the gas temperature, including the flame temperature. In the other hand, the irCpgasakés

a proportional reduction in the gases thermal diffusivity, which favors the mass diffusivity. The consequence of this is
an increase of the gas temperature because of the oxidant transport velocity to the flame is larger than the heat transport
velocity from the flame. The result depicted in Fig. 2.b demonstrates that the transport effect produced by the differents
values ofC},o dominates the thermodynamics effect.

4. CONCLUSION

The present model is able to reproduce well the experimental results concerning the flame standoff djgtance
However, it does not predict well other droplet combustion properties.

5. ACKNOWLEDGEMENTS

- This work was in part supported by Poostdoctoral Program (PNPD) from Coordenacdo de Aperfeicoamento de
Pessoal de Nivel Superior - CAPES.

6. REFERENCES

Aharon, I., Shaw,B.D., 1997, "On the Roles of Thermal Diffusion and Distinct Binary Diffusion Coefficients in Modeling
Droplet Flame Locations in Microgravity”, Microgravity Sci. Technol., Vol. 10, pp. 77-85.

Bellan, J., 2000, “Supercritical (and Subcritical) Fluid Behavior and Modeling: Drops, Streams, Shear and Mixing
Layers, Jets and Sprays”, Prog. Energy and Combust. Sci., Vol. 26, pp. 329-366.

Chiu, H.H., 2000, “Advanced and Challenges in Droplet and Spray Combustion”, Prog. Energy Combust. Sci., Vol. 26,
pp. 381-416.

Crespo, A., Lifian, A., 1975, “Unsteady Effects in Droplet Evaporation and Combustion”, Combust. Sci. Techn., Vol.
11, pp. 9-18.

Dwyer, H.A., 1989, “Calculations of Drolet Dynamics in High-Temperature Environments”, Prog. Energy Combust.
Sci., Vol. 15, pp. 131-158.

Fachini, F.F., 1998, “Transient Effects in the Droplet Combustion Process in an Acoustically Perturbed High Temperature
Environment”, Combust. Sci. Techn., Vol. 139, pp. 173-190.

Fachini, F.F., 1999, “ Analytical Solution for the Quasi-Steady Droplet Combustion”, Combust. Flame, Vol. 116, pp.
302-306.



Proceedings of COBEM 2009 20th International Congress of Mechanical Engineering
Copyright © 2009 by ABCM November 15-20, 2009, Gramado, RS, Brazil

Fachini, F.F., Lifian, A., Williams, F.A., 1999, “Theory of Flame Histories in Droplet Combustion at Small Stoichiometric
Fuel-Air Ratios”, AIAA Journal, Vol. 37, pp. 1426-1435.

Faeth, G.M., 1977, “Current Status of Droplet and Liquid Combustion”, Prog. Energy Combust. Sci., Vol. 3, pp. 191-224.

Givler, S.D., Abraham, J., 1996, “Supercritical Droplet Vaporization and Combustion Studies”, Prog. Energy Comb. Sc.,
Vol. 22, pp. 1-28.

Godsave, G.A., 1953, “Studies of the Combustion of Drops in a Fuel Spray - The Burning of Single Droplets of Fuel”,
Proc. Combust. Instit., Vol. 4, pp. 818-830.

Goldsmith, M., Penner, S.S., 1954, “On the Burning of Single Drops of Fuel in an Oxidanzing Atmosphere”, Jet Propul-
sion Journal, Vol. 24, pp. 245-251.

Jackson, G.S., Avedisian, C.T., 1996, “Modeling of Spherical Symmettic Droplet Flames Including Complex Chemistry:
Effect of Water Addition on n-Heptane Droplet Combustion”, Combust. Sci. Tech., Vol. 115, pp. 125-149.

Kumagai, S., Isoda, H., 1956, “Combustion of Fuel Droplets in a Falling Chamber”, Proc. Combust. Instit., Vol. 5, pp.
726-731.

Kumagai, S., Sakai, S., Okajima, S., 1971, “Combustion of Free Fuel Droplets in a Freely Falling Chamber”, Proc.
Combust. Instit., vol. 13 ,pp. 779-785.

Kumar, S., Ray, A., Kale, S.R., 2002, “A Soot Model For Transient, Spherically Symmetric n-Heptante Droplet Com-
bustion”, Combust. Sci. Techn., Vol. 174, pp. 67-102.

Law, C.K., 1982, “Recent Advances in Droplet Vaporization and Combustion”, Prog. Energy Combust. Sci., Vol. 8, pp.
171-201.

Lifan, A., 1991, “The Structure of Diffusion Flames”, Fluid Dynamical Aspects of Combustion Theory”, Longman
Scientific and Technical (Pitman Research Notes in Mathematics, No. 223), Harlow, U.K., pp. 11-29.

Lifén, A., 2001, “Diffusion-Controlled Combustion”, Mechanics for a New Millenium, Eds. Aref H. and Philips J.W.,
Kluver Academic Publishers, Netherlands, pp. 487-502.

Puri, 1.LK., Libby, P.A., 1991, “The Influence of Tranport Properties on Droplet Burning”, Combust. Sci. Tech., Vol. 76,
pp. 67-80.

Sazhin, S.S., 2006, “Advanced Models of Fuel Droplet Heating and Evaporation”, Prog. Energy Combust. Sci., Vol. 32,
pp. 162-214.

Sirignano, W.A., 1983, “Fuel Droplet Vaporization and Spray Combustion Theory”, Prog. Energy Combust Sci., Vol. 8,
pp. 291-322.

Spalding, D.B., 1953, “The Combustion of Liquid Fuels”, Proc. Combust. Instit., Vol. 4, pp. 847-864.
Waldman, C.H., 1975, “Theory of Non-Steady State Droplet Combustion”, Proc. Combust. Instit., Vol. 15, pp. 429-441.

7. Responsibility notice

The author(s) is (are) the only responsible for the printed material included in this paper



